PITHAPUR RAJAH’S GOVERNMENT COLLEGE(A),
KAKINADA

DEPARTMENT OF MATHEMATICS

KURAGANTI SANJI INDIRA PRIYADARSINI
LECTURER IN MATHEMATICS
P.R.G.C (A), KAKINADA.

Topic: Vector Differentiation

UNIT-III




INTRODUCTION

In this chapter we study the basics of vector calculus with the help of a standard vector differential
operator. Also we introduce concepts like gradient of a scalar valued function, divergence and curl of a
vector valued function, discuss briefly the properties of these concepts and study the applications of the

results to the evaluation of line and surface integrals in terms of multiple integrals.
2.1 GRADIENT - DIRECTIONAL DERIVATIVE

Vector differential operator

-

The vector differential operator V (read as Del) is denoted by V = L:—x + j% +k % where 7,7, k are
unit vectors along the three rectangular axes 0X, 0Y and 0OZ.

It is also called Hamiltonian operator and it is neither a vector nor a scalar, but it behaves like a
vector.
The gradient of a scalar function

Ifo(x,y,z) is a scalar point function continuously differentiable in a given region of space, then the gradient

50 | 0@ 7o
lax + ay +k 0z

of ¢ is defined as Vo =
It is also denoted as Grad ¢.

Note

(i) Ve is a vector quantity.

(ii) Voo = 0 if ¢ is constant.

(iii) V(p1902) = 91V2 + 92V,

. Voi1— Y .
(,V)V(%): LV =01V 02 gy 4 )

¢
V) V(pt+x) = Vo £Vy
Problems based on Gradient
Example: 2.1 Find the gradient of ¢ where ¢ is 3x%*y — y3z% at (1,-2,1).
Solution:

Given ¢ = 3x2%y — y3z2

— 09 200 pPO®
Grad<p—lax+]ay+kaz

9¢ _ 9¢ _ 2 _ 2.2 99 _ 5.3
Nowax—6xy, ay—3x 3y“z*, 5, = 2y°z

~grad ¢ = T6xy + j(3x2 — 3y2z2) — k2y3z
»(grad @) 1y = —121— 9] + 16k
Example: 2.2 If ¢ = log(x? + y% + z2) then find V.
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Solution:
Given ¢ = log(x? + y? + z?)

_ 209 | 209
Vo = lax-l'jay

2x 2y 7 2z
=i’(2 22)+j(2 22)+k(2 22)
X“+yc+z X“+yc+z X“+y“+z

=L (it yitzR) = L7

x2+y2+ z2

P
+k62

Example: 2.3 Find V(r),V G),V(logr) wherer = |Fland = xT +yj+ zk.
Solution:

Given 7= xT +yJ+ zk

=> |l =r=x2+ y2 + 22

=>r2=x24 y*+ z?

ar ar ar
2r—=2 2r —=2 2r — =2z
ox X oy Yy 0z
ar _x o _y ar_z
ax r’ ay r’ 0z r
- —>6r —>6r = adr
DVr)=T—+]—+ k—
V) =T -+j5+ kg,

= 124724 k2

r r r

1 - - 7 _l—)
—;(xl+ yi+ zk) = -T

()= 28 26, p0

0x ay z

— (—1\ or — (-1\ or — -1\ dr
=7 (Z)5+ (ﬁ)£+ K(Z)%

=(=3) [7 477+ &

r2

=—r—13(xi’+ yj+ ZE) =— r—1317

(iii) V(logr) = X7 2080

|¥

=27

R IR X |R
R IRQ
xR

_ X

Il
M ™M ™M
~

[1 =

1 - - > 1 -

=ﬁ(xl+ yj+ Zk)z =T

Example: 2.4 Prove that V(r™®) = nr®* 2 7
Solution:

Given 7= xI +yj+ zk
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_1 0r _1 07 - _10r
=T l—+7nr" 1 —+ knr 11—
x dy 0z

=1 [1(5) +7(2) + K (2)]

nr N

= (xT+ yj+ zk) = nr" 27

r
Example: 2.5 Find |Ve| if ¢ = 2xz* — x*y at (2,-2,-1)
Solution:

Given ¢ = 2xz* — x?y
—>a(,0 —>a_(,0 _’a_(P

Vo = la+]ay+ kaz
00 _ 5 4 d¢ _ .2 99 _ 3
Now o =2z 2xy, 3y xe, o= 8xz

2V =102z%= 2xy)+ j(—x?) + k(8xz3)
2 (V@) (g1 = 107 — 4] — 16k

|Vp| = V100 + 16 + 256 = /372
Directional Derivative (D.D) of a scalar point function
The derivative of a point function (scalar or vector) in a particular direction is called its directional
derivative along the direction.
The directional derivative of a scalar function ¢ in a given direction d is the rate of change of ¢ in
that direction. It is given by the component of V¢ in the direction of a.
The directional derivative of a scalar point function in the direction of a is given by

DD = Vo -a

@l
The maximum directional derivative is|V¢| or |grad ¢|.
Problems based on Directional Derivative
Example: 2.6 Find the directional derivative of ¢ = 4xz% + x%yz at (1,—2,1) in the direction of 27 —
j— 2k.
Solution:

Given ¢ = 4xz? + x%yz
Vo =122+ jg—‘;’ + k2

=1(Q2xyz +4z%) + J (x%2) + k (x2y + 8xz)
& (V@)-g-1) = 81—]— 10k

Givend = 27 — J— 2k

Al= VATTI54=3
D.D= Y£¢@

|al

o - 7\ | (20— - 2k)
= (87—~ 10k) - ——
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= - (16+1+20)= =
Example: 2.7 Find the directional derivative of @(x,y, z) = xy? + yz?3 at the point P(2,—1,1) in the
direction of PQ where Q is the point (3,1, 3)
Solution:
Given ¢ = xy? + yz3

Vo = ?a—(p+%6—(p+ ka(p

=7(y2) + J Q@xy + z3) + k (3yz?)
£ (V@)1 n=1—37—3k
Givend = PQ = 00 — OP

= (31+ J+3k)— (2i— ]+ k)

=7+ 2j+ 2k

3l=Vi+4+4=3
D.D= 24

|dl
(i-37-3k) - (i+ 2j+ 2k)
3

=-(1-6-6)=—=

Example: 2.8 In what direction from (—1, 1, 2) is the directional derivative of ¢ = xy? z3 a
maximum? Find also the magnitude of this maximum.
Solution:

Given ¢ = xy? z3

V(p — »6(}/: +]_>6(p

+ k
=7(y2z%) + ] (2xy z%) + k (3xy?z?)
2 (V@)y 1 2= 80— 16]— 12k
The maximum directional derivative occurs in the direction of Vo = 87— 16] — 12k.
~ The magnitude of this maximum directional derivative

|Vo| = V64 + 256 + 144 = /464

Example: 2.9 Find the directional derivative of the scalar function ¢ = xyz in the direction of the

outer normal to the surface z = xy at the point(3,1, 3).

Solution:
Given ¢ = xyz
Vo= 1524750+ k3

=1(yz) + J (x2) + k (xy)

Vector Calculus Page 5



oo (V (p)(3, 1, 3) = 3?"‘ 97"‘ 37;
Givensurfaceisz=xy =2z—xy =0

-

>0y . -0y oy
lax +j dy + k 0z

Vy =
=1(=y) + j(=x) + k (D)
Leta = VX(3’1’3) = _i)_ 3]_>+ E
>al=v1+9+1=+11

D.D= ‘2@

|al

_ (31+9j+3k) - (<i- 3j+ k)
= N
27

1
= = (-3-274+3)= — =

Example: 2.10 Find the directional derivative of ¢ = xy + yz + zx at (1,2, 0) in the direction of 7 +

2 j+ 2k. Find also its maximum value.
Solution:
Givenp = xy + yz + zx
= 7284 700 o

=T(y+2)+ j7(x+2)+ E(y+x)
“(Ve)a 2 0= 20+ +3k

Givend = T+ 2j+ 2k

3= Vv1+4+4=3
D.D= 24

|al
(21+j+3k) - (T+ 2j+ 2k)
3

1 10
=;@+2+6) =+
Maximum value is |[Vg| = V4 +1+9 = V14
Unit normal vector to the surface

If ¢(x,y,z) be ascalar function, then ¢ (x, y,z) = c represents a surface and the unit normal vector to the

Vo
Vol

surface ¢ is given by A=
Normal Derivative = |V|
Problems based on unit normal vector

Example: 2.11 Find the unit normal to the surface x? + y? = z at the point (1, -2, 5).
Solution:

Givengp = x2+ y?—z
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_ 209 , 20p , 709
V(p—lx+ja +kaz

dp . 0@
y
=720+ 7@y + k(-1
“ (V)2 5= 20—4] - k
IVop| = VA+16 +1 = 21

. R Vo 21—4j-k
Unitnormal h= — =
Vol V21

Example: 2.12 Find the unit normal to the surface x* + xy + y? + xyz at the point (1, -2, 1).
Solution:

Given ¢ = x2+xy + y* + xyz

=T1Q2x+y+yz)+ J(x+ 2y +x2) + E(xy)
~ (v (P)(L—z, 1) = —27— Zj_ ZE
Vol = VA+4+4=+12=2V3

. A~ Vo _ —20-2j-2k
Unit normal A= ol = 23
-1 /> - 7
=5 @+7+k)

Example: 2.13 Find the normal derivative to the surface x?y + xz? at the point (—1,1,1).
Solution:

Given ¢ = x%y + xz2

_ 20 200 | 700
V(p—lax+]ay+k

=1Qxy+ z2)+ J(x?) + k (2x2)

~ (v (P)(—L 1, 1) = _?+f_ ZE
Normal derivative [Vp| = VI+ 1+ 4= V6

Example: 2.14 What is the greatest rate of increase of ¢ = xyz? at the point (1,0, 3).
Solution:
Given ¢ = xyz?

10

->6(p
l
dx

V(p: +]3

+ k;
=T(yz?)+ j(xz?) + k (2xyz)
(V@) o 3= 00+9]+ 0k

- Greatest rate of increase |Vp| = V92 =9
Angle between the surfaces

Ve,V
cos @ = 21 "%z
Vo1 [[V@2]
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= 0= cos™! [—V%'V(pz]
V1 | Vo2l
Problems based on angle between two surfaces

Example: 2.15 Find the angle between the surfaces z = x% + y* — 3 and x% + y? + z? = 9 at the

point (2,—1,2).
Solution:
Giveng = x2+ y?—z-3

Vo, = *aﬂ+fa(p1 + k

=72x)+jQy) + k(-1

S (Vo1 2= 41—2/—k

Vil = VIE+ 451 = V21

.0 .d -9
Vo, = l—(p2+ (’;2+ k q;z

=7(2x)+ 7 (2y) + k (22)
oo (V (pz)(z’_ll 2) = 4‘?_ 2f+ 4‘E
IVg,l = VI6 +4+ 16 = V36 =6
V- Vo,

The angle between the surfaces is cos 6 =
Vo1 | Vel

_ (ai-2j-k) (41-2j+4K)
N V21(6)
16+4—4

V21(6)

16 8
V21(6) 3421

= = cos~! 2 jﬁ]
Example: 2.16 Find the angle between the normals to the surfaces x* = yz at the point
(1,1,1) and (2,4,1).
Solution:
Givenp = x2 —yz
200 | 209 | 7@

Vo = l—+]a + k-

=120+ (2 + k(=)
- (V <P1)(1, 1, 1) — ZT—j’—E
Vo, = Va+1+1= 6
“ (Vo) 4 1= 47_f_4E
Vo,| = VI6F 116 = V33
Vo1 Voo

The angle between the surfaces is cos 6 =
V1 | V@2l
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(2i-j-k) (4i-j-4k)

V6v33
_ 8+1+4
RGEE
13 _ 13

J23)/11(3) 322

= 0= cos™?! [3 1/32_2]
Example: 2.17 Find the angle between the surfaces x log z = y?> — 1 and x?y = 2 — z at the point
(1,1,1).
Solution:

Giveng, = y2 —xlogz— 1

_ —>a(P1 —>a<P1 _’a(P1
Vo, = (r +]—ay + k_az

_3 > P(—%
=7(-logz)+ JQ2y) + k ( Z)
“ (Vo 1, =00+ Zf_E
Vo, = VOFAF1= 5

_ —>6(P2 —>a<P2 _)a(pZ
Vo, = 1= +]—ay + k_az

=7TQxy)+ J (M) + k(1)
Y (Pz)(1, 1, 1) = 20+ + E
IVo,| = VAT 1+ 1= 6

. v -V
The angle between the surfaces is cos 6 = —+ 22

Vo1 | Ve
(0i+2j-k) - (2i+]j+k)
V5v6

o

+2 -1

al-

= 0 = cos™?! [\/%]
Problems based on orthogonal surfaces
Two surfaces are orthogonal if Vo, - V@, =0
Example: 2.18 Find a and b such that the surfaces ax? — byz = (a + 2)x and
4x*y + z3 = 4 cut orthogonally at (1,-1, 2).
Solution:
Given ax? — byz = (a + 2)x
Let p; = ax?— byz— (a+2)x

-9
I &P
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=7(2ax — (a+2))+ j(=bz) + k (=by)
~(Vo)a-1, 2= a—2)+j(=2b) + ig(b)
Let p, = 4x%y+ z3—4

1202 1 7202 4 202
Vo, =1 +]6y+ka

=17(8xy) + J (4x2) + k (32%)
2 (Vo)1 2= —8l+4]+ 12k
Since the two surfaces are orthogonal if Vg, - V@, =0
= (ia—2) +7 (=2b) + k(b)) - (=87 + 4] + 12k ) = 0
> —8(a—2)—8b+12b=0
= —8a+16—-8b+12b=0
= —8a+16+4b =0
~byd=> —2a+4+b=0

>2a—-b—-4=0 ..(1)

To find a and b we need another equation in a and b.
The point (1,—1,2) liesin ax? — byz— (a+2)x =0
ca-b(-1)2)— (a@+2)(1)=0
>a+2b—a—-2=0
=2b—-2=0
>b=1
Substitute b = 1 in (1) we get
>2a—-1-4=0
=22a—-5=0

5
S>a= -
2

Example: 2.19 Find the values of a and b so that the surfaces ax® — by?z = (a + 3)x? and
4x*y — z3 = 11 may cut orthogonally at (2,—1, —3).
Solution:
Given ax® — by?z = (a + 3)x?
Let o, = ax® — by?*z— (a+ 3)x?

—)a —)a
Vo, =1 ﬂ+] a“;+ PR

=7(3ax? — 2x(a + 3)) + j(=2byz) + k (=by?)

~ (V1) a-1-3 = 1(8a—12) +j(—6b) + E(—b)
Let ¢, = 4x%y— z3 —11

—)a ->6
prz — 092 +] P2

[ +k
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=7(8xy) + J (4x2) + k (—322)
2 (Vo) (a-1-3 = —161+16] — 27k
Given the two surfaces cut orthogonally if Vo, - V@, =0
= (i(8a — 12) + (—6b) — k(b)) - (~167 + 16] — 27k ) = 0
= —16 (8a—12) — 16(6b) +27b =0
= —128a+192—-69b =0

= 128a+69h—192=0 .. (1)

To find a and b we need another equation in a and b.
The point (2,—1,—3) liesin ax® — by?z— (a+3)x? =0
~8a—-b(1)(-3)—(a+3)4) =0
=>4a+3b—-12=0..(2)

Solving (1) and (2) we get, a = —g &b = %

Equation of the tangent plane and normal to the surface
Equation of the tangent plane is (* — @) - Vo =0
Equation of the normal line is ( — @) x Vo = 0
Problems based on tangent plane
Example: 2.20 Find the equation of the tangent plane and normal line to the surface xyz = 4 at the
point i + 2j + 2k .
Solution:
Given ¢ = xyz — 4

Vo= 1524750+ k52

=1(y2) + j (x2) + k (xy)
c(VQ) 2 = 4T+2]+2k
Equation of the tangent plane at the point @ = 7+ 2+ 2k is (F — @) - Vo =0
= [(xi+ yJ+ zk) — T+ 2]+ 2k] - (47+ 2]+ 2k) = 0
= [x—Di+ (y=2)]+ (z—2) k] - (47+ 2] +2k) =0
>4(x—-1)+ 2(y—2)+ 2(z—-2)=0
>4x—-4+2y—4+2z2—4=0
=>4x+ 2y+2z=12
=>2x+y+z=26

Equation of the normal line (¥ — @) x V¢ = 0
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7 j k|
x—1 y—-2 z-2|=0
4 2 2

SI2G-0)-2@-]-JRG-D-4E-)]+ k[2(x-1) - 4(y-2)]
=07+ 0]+ Ok

Equating the coefficients of 7,7, k we get

>2(y—-2)—2=-2)=0

> wy-2)= (z-2) .. (1)

22(x-1)—4(z-2)=0

> x-1)=2(=-2)

>==(z-2 ..@

22(x-1)-4@W-2)=0

> x-1)=2(Up-2)

>== (-2 .0

1 _y-2 _ z-2

From (1), (2) and (3) weget ~——=>—= =

Which is the required equation of the normal line.
Exercise: 2.1

1. Find Vg if ¢ = %log(x2 + y? + z?) Ans:ri2
2. Find the directional derivative of

() @ = 2xy + 22 at the point (1, —1,3) in the direction 7+ 2 + 2k . Ans: 13—4

(i) @ = xy?+ yz?3 at the point (2,—1, 1) in the direction of PQ where Q is the point

(3,1,3). Ans: _Tll

3. Prove that the directional derivative of ¢ = x3y?z at (1,2, 3)is maximum along the

direction 97 + 37 + k. Also, find the maximum directional derivative. ~ Ans: 4v/91

4. Find the unit tangent vector to the curve 7 = (t? + 1)7 + (4t — 3)] + (2t% — 65)k at

I

— . T+2j-k
t=1. Ans: 7
5. Find a unit normal to the following surfaces at the specified points.

(i) x2y + 2xz = 4 at (2,—2,3) Ans: + = (i - 2] - 2k)
- . 1 - - 7
(i) x2 +y?2 =zat (1,-2,5) Ans: E(ZL — 47— k)
- . 1 - - '
(ii) xy®z2 = 4 at (-1,-1,2) Ans: —(—T—3] + k)
(iv) x2 +y?2 =zat(1,1,2) Ans: 5(2?+ 2j - k)

6. Find the angle between the surfaces x> — y% — z% = zand xy + yz — zx — 18 = 0 at the
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. . _1[ -24
point (6,4, 3). Ans: cos mﬁ]

7. Find the angle between the surfaces xy?z = 3x + z%and 3x% — y2 + 2z = 1 at the point

(1,-2,1). Ans: cos™?! [%]
8. Find the equation of the tangent plane to the surfaces 2xz2 — 3xy — 4x = 7 at the point
(1,-1,2). Ans:7x —3y+8z—-26=0
9. Find the equation of the tangent plane to the surfaces xz2 + x?y = z — 1 at the point
(1,-3,2). Ans:2x—y—3z+1=0
10. Find the angle between the surfaces xlogz = y? — 1 and x?y = 2 — z at the point
(1,1,1). Ans: cos™?! [\/%]

2.2 DIVERGENCE, CURL - IRROTATIONAL AND SOLENOIDAL VECTORS
Divergence of a vector function

If F(x,y,z) is a continuously differentiable vector point function in a given region of space, then the
divergence of F is defined by

V.E=divF=(To+ Ta—ay + Ko).(FiT + Foj + FoK)

OF.
—t4 =2
x ay

divF = + ‘;i; whereF = F,T+ F,j+ F3k
Note: V.F Is a scalar point function.
Solenoidal vector
A vector F is said to be solenoidal if div F= 0 (i.e)V.l—f =0
Curl of a vector function
Ifl—f(x, v, z) is a differentiable vector point function defines at each point (x,y, z) in some region of

space, then the curl of F is defined by
CurlF=V x F =

> (OF: JF, > [OF. OF
-1 (-
dy 0z 0x 0z

SR~
NRRCA R
R =

R (2 o)
0x dy

Note: Vx F Is a vector point function.
Irrotational vector
A vector is said to be irrotational if Curl F =0 (i.e) Vx F=0

Scalar potential
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If F is an irrotational vector, then there exists a scalar function ¢ such that F= V. Such a scalar
function is called scalar potential of F.

Problems based on Divergence and Curl of a vector

Example: 2.21 If ¥ = xi+ yj + zk then find div £ and curlf
Solution:

Given7 = xi+ yj+ zk
Now divi=V -7

0

a a
—a(x)+ a_y(Y)+E(Z)
=141+4+1=3

Andcurl 7=V X T

T ]k
Vxp=1[9 90 39
dx 0y 0z

X y z

=i(z@-20)-T (5@ - z®)+ k(0 - 5 ®)
= 7(0) +j(0) + k(0) = O.

Example: 2.22 If F = xy?T + 2x2yzj — 3yz2k find V.F and V x F at the point (1,-1, 1).
Solution:

Given F = xy?27 + 2x2yzj — 3yz2k
AU F=29 (12 90 (9.2 9 a2
(i) V.F—ax(xy )+ % (2x?yz) +6z( 3yz*%)
= y2+2x%z — 6yz
VFi1n=1+2+6=9

7 7 k
.. > _| o a d
(") VXr= a 5 5
xy? 2x%yz 3yz?
_ > 6(—3yzz) _ 6(2X2yz) > '6(—3yzz) _ a(xyz) I 6(2x2yz) _ a(xyz)
_1[ ady 0z ]] 0x 0z ]+k[ ]

ox ay

= T(-3z% — 2x%y) = 7(0) + k(4xyz — 2xy)
VxFu_11) = 0(=3+2) + k(-4 +2)
=-7- 2k
Example: 2.23 If F= (x>— y2+2x 2)i +(x z— x y + ¥ 2)] +(Z%+ x )k, then find V- F ,V(V-F), V x F,

V- (VX ﬁ), andV x (V x ﬁ) at the point (1,1,1).
Solution:

Given F = (x2— y 242 x )T +(x z— x y +Yy2)] +(Z%+ x )k

Vector Calculus
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NU.B=9 (2 _ 2 9 _ 9.2 2
(HVv F—ax(x y +2xz)+ay(xz xy+yz)+az(z + x2)

= 2x+2z)+ (—x+2z)+ 2z

=x+5z
o V " F(l,l,l) = 6
i 7 Kk
(i) VxF= 92 9 9
0x dy 0z

x2—y2+2xz xz— xy+yz z?+x?

_»[0(z%2+x?)  a(xz—xy+yz) S[a(z2+x%)  8(x?-y?+2xz) = ld(xz—xy+yz) O(x*-y?+2xz)
=1 - -] - +k -
ay 0z 0x 0z ox ady

= —(x+y)r'—Qx—-2x)7+(y+ 2k
S V X ﬁ(l,l,l) = _2? + ZE

mowviyﬁ%@+5@+ﬁ%@+5@+E%@+5@
=7+ 5k
oo V(V.ﬁ)(l,l,l)z i)+ SE
. S _ 0 ? 9
(V) V- (VXF)=—(=(x+y) + 5(0)+£(Y‘|‘Z)
=—1+40+1
V'(VX?)(1,1,1)20

T 7K

B — d a )

(V) VX (VX F)= ~ 5 o
—(x+y) 0 y+z

SUX (VX By =17+ k

Example: 2.24 Find div F and curl F, where F = grad(x*+y3+2z°—3xyz)
Solution:

Given F = grad(x®+y3+23—3xyz)
= T% (x3+ y3 + 23 — 3xyz) +j’aiy x3+y3 +23—3xyz) + E%(x3 +y3 + 23 — 3xyz)
F = 1(3x% — 3yz) +](3y? — 3xz) + k(322 — 3xy)

VEF=V.F=2 (332 _ 9 (3y2 _ 9 (3,2 _
Now divF =V F—aX(BX 3yz)+ay(3y 3XZ)+az(32 3xy)

= 6x + 6y + 62
=6(x+y+2z)
i j Kk
CurlF=V x F= 92 9 92
ax dy 0z

3x2 —3yz 3y?—3xz 3z%-—3xy

=1[—3x + 3x] — j[-3y + 3y] + K [-3z + 3z]
Vector Calculus
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=0
Example: 2.25 Find div(grad ¢) and curl(grad ¢) at (1,1,1) for ¢ = x?y3z*
Solution:
Given ¢ = x%y3z*

>0¢ | 509 | 7200
ax J ady 0z

=1(2xy3z*) + J(x23y2z*) + k(x%y34z3)
Div(grad ¢) = V- (grad ¢)

a 0
= (2xy3z*) + 3 (x%3y2%z%) +

= 2y3z* +6x%yz* +12x%y°z*
~Div(grad ¢)a1y=2+6+12 =20

9

2,343
2 (y42)

7 1 Kk
i} i} 0
Curl(grad (p) = 6_X 6_y a

2xy3z* x?3y?z* x2y3473
= T(12x2y?z3 — 12x2y2z3) — J'(8xy3z3 — 8xy3z3)+k(6xy?z* — 6xy%z*)
=0
~Curl grad(p(lllll): 0
Vector Identities
1) V-((pl_f):(p(V-l_f) + l_f-V(p
2) Vx (¢F)=¢(VxF)+ (Vo)x F
3) V-(AxB)=B-(VxA)—A-(VxB)
4) Vx (AxB)=A(V-B)-B(V-A)+(B-V)A— (A-V)B
5) V(A-B)= Ax (VxB)—(A-V)B+Bx (VxA) — (B-V)A
6) V- (Vo)=0
7) V-(VxF)=0
8) Vx (VxF)=V(V-F) - V2F

62

ox?

22 | 02 . .
tostozisa laplacian operator

9) V-Vo = (V-V)p = V3@ where V2= P

1) If ¢ is ascalar point function, F is a vector point function, then V. (¢ ﬁ) = (p(V . ﬁ) + F- Vo

Proof:
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- 0 d = >0
=o (ST 5 +F5) +F(3157)
2V (9F)=(V-F)+ F- Vo
2) If @ is a scalar point fuction, F is a vector point function, thenV x (¢ F) = @(V x F) + (V@)x F

Proof:
Vx(9F)=2Tx~(oF)
oo [0 fF 4 R0
_le[(pax-l-Fax]
vy (2F 4 o%F
_le(axF-l-(Pax)
_(w-09) > _ OF
—(Zla)xF+(p[lea]
~Vx (¢ F)=Ve x F+ ¢(V x F)
3) If A and B are vector point functions, then V- (A x B) =B - (V x A) —A - (V x B)
Proof:
V.(Kx§)=2?-%(zx§)
:Z?-(Kxg—z+g—‘:x§)
=37 (Ax )+ 27 (% E)
(Z X )K+(Z?x )§
=—(VxB).A+(VxA)-B
~V-(AxB)=B-(VxA)—A-(VxB) [+ (VxA)-B=B-(VxA)]
4) If A and B are vector point functions, then
Vx (AxB)= A(V-B)-B(V-A) +(B-V)A— (A-V)B
Proof:

Vx (AxB)= Z?x%(KX_B’)

Vx(KxB)—Z[(* B (? a—A)_B’] +2[(?-%)K—(?-K)%
=(zi: Zf)
(2t )R- (215 )B+(B Zl—) - (& 2?1)

~Vx (AxB)= A(V-B)-B(V-A)+(B-V)A— (A V)B
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(5) If 4 and B are vector point functions, then
V(A - B)=Ax(VxB)+ (A-V)B+ B x (VxA)+ (B-V)4

Proof:

=3 Di+s(i-Dr .

= (B-V)A+ B x (Vx4 .. (2
In (2) interchanging 4 and B we get,
S(A-Z)i= (A -VE+Ax (VxB) .(3)
Substitute in equation (1)
WD=>V(A-B)=(B-V)A+Bx (VxA)+(A-V)B+ 4 x (V x B)

(6) If ¢ is ascalar point function, then V. x (V) = 0.

(or)
Prove that curl(grad ¢) = 0
Solution:
— 790, 209, 709
Vo = L= + 3y + k 5,
|7 7 k|
9 92 32
VXVep=lox ay az
99 29 99
dx Ody 0z
_ )
Z [63/62 6263/]
=Y7(0)=0
(7) If F is a vector point function, then V - (V x F) = 0.
(or)

Vector Calculus Page 18



Prove that div(curl F) = 0.

Solution:

T 7k
VxF=1[2 2 29
dx 0y 0z
F, F, F;
> (OF. dF. > (OF oF = (F. OF.
(G- )T G- SR (-5
> 5 0 5 0 > 9
V(V X F)=(l£+]£+ ka)
 (OF. OF. > (OF. oF = (F, OF
G- ) -7 G- )RG5l
_ 0%F 0%F, 0%F; 0°F, 0%F, 0%F,
- dxdy - 6xaz_ dydx 0yoz azax_ dzoy
=0
(8) If is a vector point function, then V x (Vx F) = V (V- F) — V2F

(or)

Prove that curl (curl F) = grad (div F) — VZF

Solution:
Let F = F,i+ F,] + Fsk

V X (Vxﬁ)z?(%i;—%)_ %(%_ﬂ)_l_ ﬁ(%_%)

.p_0Fh  0F  0F
And V F_6x+6y+ 5,

7 7 K

N d 0 0

LHS Vx(V xF)= % P 37
F;  OF, dF; 0F, 0F, 0F
9y 9z  ox | a8z oax oy

BZFZ]
0x?2 0x0y 0z90y 0z2

=7 [
dydx dy? 0z0x 0z2
+l_c) [_ 0%F;3 0°F,  0%F aze]
0x?2 0x0z dy? dydz

9°%F, 9%F; 0%F; azpl] - [aze 9%F, 9%F;

RHS V (V- F)— V2F
— (L IR D) (P ey ) (L T ) (ki B4R
- (l 6x+ J 6y+ k az) (6x + dy 0z 0x2 ay2+ 9z2 (Fll+ F2]+F3k)
0%F, | 0%F, ang] - [62F1 0°%F, ang]

dydx  9y? T d0yoz 0zdx  9zdy  0z2

_i,[azF1 0°F, 62F3] _>[
“ “loxz ' axay ' 9xoz

2 2 2 N

dx2 0z

0°F, 0%F; 0°F, 62F1] - [aze 9%F, 0%F3 aze] n
dy? dz2 0x2 0xdy 0zdy 0z2

dxdy 0x0z

:i’[

0x2 0x0z dy? d0yoz

E [_ 0%F; 0%F; 0%F; aze]

Page 19

Vector Calculus



LH.S = RH.S
2V x (VxF)=V(V-F)— V?F
QV:-(Vo)= (V- V)gp= Vg

Proof:
Vo= 52 +50 + K52
P = 5 () () ()
Vov= =24 2, 9

Solution:
Let7=xi+ yj+ zk
- > 0 > 0 [7] - - '
(v T=(la+ a_+k5) (xT+ yj+ zk)
d d 2
=5 0+ - M+ 5@
=14+1+1=3
i 7k
(i)Vx7r=1]9 90 9
dx 0y 0z
X y z

= {(0)+j () + k(©0)=0
Example: 2.27 Find V - G ?) where# =xi+ yj+ zk

Solution:

_;__ w12 = (x2 4+ y? + 22)
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Example: 2.28 If is a constant vector and is the position vector of any point, prove that
V- (@x7)=0(i)V x(@xr) =2a
Solution:

Let7=x{+ yj+ zk

r7 R

- =

a X r= a, a, as
X y z

= (a2 — asy) — J(a1z — asx) + k(a;y — ax)

) v a a a
V- (@xr)= a(azz — azy) + 5(—6112 + azx) + g(aﬂ’ — a,x)

=04+04+0=0
7 7 k
. > 2 d ] d
X X = —_ - -
(i) V x (ax7) - -~ -

a,z—azy —aZz+azx ay—azx
= 1(a; + ay) — j(=a, — ap) + E(as + as)
= 2a,7+ 2a,] + 2ask
=2(a, 7+ a,J + a3E) =2d
Example: 2.29 Prove that curl(f(r)7) = 0
Solution:
Let f(r)r = f(r)[x?+ yJ+ ZE]

= xf()T+ yf(f + zf Nk

-

7 7 k
V(N =| = % =

xf(r) yf(r) zf(r)
= Yi|zf @) -y &
=31 [zr' ) (2) - v’ ()]
=% [2F0) - 210
= X7(0)
=07+ 0/+ 0k=0
Example: 2.30 Prove that curl[¢ Vo] = 0
(or)

—

Prove that V X [@ V] = 0
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Engineering Mathematics - II

Solution:
oo = ol 75
= i(052)+i(05) + E(03)
T 7k
9 9 9

ay
dp
i[5 (o ) (03]
0z ay
f[ Teie e _yle b5
yaz 0z gDazay ay 0z

+0/+0k=0
Example: 2.31 If w is a constant vector and ¥ = w X 7, then prove that w = %(V X V).

Solution:

Let7=xi+ yj+ zk

T ] k
W X T =
W = |0 Wy w3
X y z

= W(wyz — w3y) — J(w1z — ws3x) + E(wﬂ’ — wyX)

7 ji k
VXV = 9 9 9
0x ay 0z

WyZ — W3y —wq 1z + wW3X W1y — WX
= l(w, + wy) — J(—w; — wy) + k(ws + ws)
= 2w, + 2wy] + 2wsk
=2(w T+ w,] + wgﬁ) =2w
&= 2(VxP)
Problems based on solenoidal vector and irrotational vector and scalar potential

Example: 2.32 Prove that the vector F = zT+ xj + y k is solenoidal.

Solution:

-

Given F=zl+ xj+ vk
To prove V - F=0
=9 ] ]
V-F= E(Z)-I_ @(x)+ 5()’)

=0
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= F is solenoidal.
Example: 2.33 Show that the vector F = 3y*227 + 4x3z%] — 3x2y2k is solenoidal.

Solution:
Given F = 3y*227 + 4x32%] — 3x%y%k

ToproveV- F=0
LR 9 4.2 o 3.2 9 2,2
V:F= 6x(3yz)+ay(4xz)+az(3xy)
=04+04+0=0

. F is solenoidal.
Example: 2.34 If F= (x+ 3)i+ (y—22)j+ (x+ A2)k is solenoidal, then find the value of A.

Solution:
Given F is solenoidal.

(ie)V- F=0
> 2 (x+30) + = (y—22) + = (x+ 12) = 0
dx y ay y 0z
=214+14+1=0

A= =2
Example: 2.35 Find asuch that 3x — 2y + z2)i+ (4x+ay—2z)j+ (x—y + 22)k is solenoidal.

Solution:
Given Bx —2y+2)i+ (4x+ay—2)]+ (x—y+ 22)k is solenoidal.

(ie)V- F=0
2 d ?
= -Bx—-2y+2)+ 5(4x+ay—z)+ S, —y+22)=0
=3+a+2=0

&~ a= =5
Example: 2.36 Show that the vector F = (6xy + z3)i+ (3x% — z)j + (3xz% — y)k is irrotational.

Solution:
Given F = (6xy +z3)i+ (3x%2 —2)] + (3xz% — Wk

To prove curl F=0
(i.e)To prove V X F=0

7 7 k

= a a 3}
UxF=| < 2 2
dx ady 0z

N

6xy +z3 3x%?—3z% 3xz*-y
(—1+1)— J(3z% — 322) + k(6x—6x) =0

-

~ F is irrotational.
Example: 2.37 Find the constants a, b, ¢ so that the vectors is irrotational

Vector Calculus

Page 23



F= (x+2y+az)i+ (bx+3y—2)j+ (4x+cy + 22)k .
Solution:

Given F= (x + 2y+az)i+ (bx+3y—2)j+ (4x+cy+ 22)k is irrotational.

(ie)Vx F=0
7 i k
dx ay 0z

x+2y+az bx+3y—z 4x+cy+2z

> Wc+1)—JA—a)+ k(b=2)=0

>c+1=0; 4—a=0; b—2=0

=>c=—1; 4=aq; b=2
Example: 2.38 Prove that F = (6xy + 23)T + (3x% — 2)] + (3x2% — y)ﬁ is irrotational and find ¢
such that F = V.
Solution:

Given F = (6xy +z3)7+ (3x%2 —2)] + (3xz2 — y)l_é

To prove V X F=0

7 7 k

> a a 7}
UxF=| =< 2 2
x ay 0z

N

6xy+2z3 3x2—z 3xz’-—y

= U(-1+1) — J(32z2 — 322) + k(6x — 6x)
=0

-

-~ F is irrotational.

To find ¢ such that F= V.

k_
ay T 0z

_ 209 | 509
V(p—lax+]

Equating the coefficients of 7,7 and k we get,

29 . d¢ 2 . de 2
— = 6xy + 73 — = 3x%? -2z — = 3xz?% —
ox y+z7 oy ! 0z y

Integrating the above equations partially with respect to x, y, z respectively

@ = 3x*y+xz3+ fi(y,2)

¢ = 3x’y —yz+ fo(x,2)

o= xz’—yz+ fs(x,y)

s~ @ = 3x%y +xz3 — yz + ¢ where c is constant.

Example: 2.39 Prove that F = (y2cos x + z3)i + (2y sinz — 4)j + (3xz?)k is irrotational and find
its scalar potential.

Solution:
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Given F = (y2cos x + z3)T+ (2y sinz — 4)] + (3xz2)k
To prove V X F=0

7 ji k
> a 3} 3}
VXF = — — —
dx dy 0z

y?cos x +z3 2ysinz—4 3xz?

=7(0-0)— j(3z%2 - 3z%) + E(Zy cosx — 2ycos x)
=0

-

~ F is irrotational.

To find ¢ such that F = V.

o9

Vo =1

700 | 109
+J 3y + k 3,
Equating the coefficients of 7,7 and k we get,

} p— 2 3. ‘ —_ r - —_
- + - Z — 4 _] 2
y COS X zZ, ySln X y - 3XZ

Integrating the above equations partially with respect to x, y, z respectively

@ = yisinx+z3x + f1(y,2)

@ = yisinx —4y + f,(x,2)

= xz>+ f3(x,y)

.~ @ = y?sinx + z3x — 4y + c is scalar potential.
Example: 2.40 Prove that F= (2x+ yz)i + (4y + zx)j + (6z — xy)l_é is solenoidal as well as

irrotational also find the scalar potential of F.
Solution:

Given F = (2x + yz)i+ (4y + zx)j+ (6z — xy)E

(i) To prove F is solenoidal.

(ie) To prove V - F=0

<

- F = aa—x(Zx +yz) + %(4y+ zx) + ;—Z(—6z+ xy)
=24+4-6=0

« F is solenoidal.

(ii) To prove F is irrotational.

(ie) To prove V X F=0

i 7 K
VxF=| 29 o 9
dx dy 0z

2x+yz 4y+zx —6z+xy

= M —x) = jly—y) + k(z—2)
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=0
~ F is irrotational.
(iii) To find ¢ such that F = V.

- - _ —>_ _>a_(p _>a_(p —>a_(p
(2x +yz)i+ (4y + z0)j + (6z —xy)k = 1~ oy + k22

Equating the coefficients of 7,7 and k we get,

99 _ . 09 _ : 9% _ _
ax—2x+yz, 6y—4y+zx, 5, = 6z + xy

Integrating the above equations partially with respect to x, y, z respectively
o= x*+xyz+ f1(y,2)
@ = 2y*+xyz+ f,(x,2)
o= =3z + xyz+ f3(x,y)
s~ @ = x%+ 2y?—3z% + xyz + c where c is a constant.
« @ is a scalar potential of F.

Example: 2.41 If Vo = 2xyz3T + x2z3] + 3x2yz%k find ¢ if 9(—1,2,2) = 4
Solution:

Given Vo = 2xyz3T + x2z%] + 3x%yz%k .. (1)
— 790, 200, 19
We know that Vo = (4] % + k 5, (2)

Comparing (1) and (2)

9 _

20 _
ax -

ay

2. 3. 99 _

2xyz3; x%z3; S, = 3x2yz?

Integrating the above equations partially with respect to x, y, z respectively
o= x*yz3+ fi(y,2)
¢ = x*yz°> + fo(x,2)
¢ = x*yz® + f3(x,y)
s~ @ = x%yz3 + ¢ where ¢ is a constant.
Given ¢(—1,2,2) = 4
=>16+c=4
=>c=-12
W= xtyz3 — 12
Example: 2.42 If A and B are irrotational, then prove that A x B is solenoidal.
Solution:

Given 4 and B are irrotational.
(ie)V x A=0andVx B=0
We knowthatV - (4 x B) = (VxA4) - B— (VxB) - 4

=0-A-0-B
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Hence 4 x B is solenoidal.
Example: 2.43 if 4 is a constant vector, then prove that (i) div 4 = 0 and (ii) curl 4 = 0
Solution:
LetA = A0+ Ay 7+ Ak
945

Mg Wm_ o Mg
ax ay ' az
- rd 6A1 6A2 6A3

() v dx +-6y + 0z

=0+0+0=0

Hence div A = 0.

T 7k
(i)vx 4=[2 2 2
dx dy 0z
Ay A; A
= 70—-0)— j(0—0)+ k(0 —0)
=0
. curlF =0

Example: 2.44 If ¢ and y are differentiable scalar fields, prove V¢ X Vy is solenoidal.
Solution:
Consider V - (Vo x Vy)
= Vy -Vx (Vo) =Veo- [V x ()] [-V:-(AxB)=B - (VxA)— 4 (VxB)]
=Vy-0—Ve -0
=0
~ Ve X Vyissolenoidal.
Example: 2.45 Find f(r) if the vector f(r)7 is both solenoidal and irrotational.
Solution:
(i) Given f(r)7 is solenoidal.
V- (fr)H =0
We know that # = xT+ y ]+ z k
S fOF = O+ Y]+ ) 2k
NowV - (f(r)¥) =0
> (1 + Ja+ k) (f)xi+ f@yj+ fG)zk) =0
= 2 (M0 + = O+ (@) =0

>3- (f)x) =0
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S>E[f) 1+x @ =0

> :f(r)+xf’(r)§] =0

s3[fm+Z )] =0

r

=3f(M) + [+ L+ Z] =0
=3+ L2 02 =0 [ x?+ y2+ 22 = 17
>3fr)+f'(r)r=0

= f'(r)r= =3f()
) _ -3

f@ o
Integrating with respect to r, we get

'@ g — (=3
:ff(r) dr= [—dr
= logf(r) = —3logr + logc

=logr—3 + logc

= log (r—13) +logc

- os(2)
C

L f) =5

7"3
(ii) Given f(r)7 is irrotational.
7 7 k
S_| o d 2
VX f(r)r = o Pie >

xf(r) yf@) zf(r)
Sz F0) -y = £
= Li[zr'® % - y L]

= Li [z -y
Sif'() [2- 2

r

= 0 forall f@r)
Example: 2.46 Prove that ¥™7 is irrotational for every n and solenoidal only for n = —3.
Solution:
We know that # = xT+ yj+ zk
A=t x4y 4tz k

(i) To prove ™7 is irrotational.
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VX (r"r) =

ax y

r"x r*y r'*z
= ZT_Z nr”‘lg — ynrtt 62]
= Z?_an”‘l% ynrt1 r]
= Y| nrnt 2~ ppnt Q]

| T

= X1(0)
=07+ 0j+ 0k =

~ r™7 is irrotational for every n.
(ii) To prove r™# is solenoidal.
V- =V -(r"xl+ry ]+ 1" ZE)
—yv9 cn
=Y (r"x)

=) [r” (1) + xnr™? z—:]

= [r” + xnrn-l jr—c]
= Y[r" + x?nr"-2]
=3r" + nr"2(x? + y? + z2)
= 3r" + nr"2(r?)
=3r" +nr™
=r"(3 +n)
Whenn = —-3,wegetV-("#) =0
~ 7 is solenoidal only if n = —3.
Problems based on Laplace operator
Example: 2.47 Find VZ(log 1)

Solution:
2
V2(logr) = X (logr)
_y0o (Lor
=25 (;5:)

ax \r ox
-x2 ()
e s(-2)2
-zf- <)
-2

3 2
72 4

(x%2+ y2+ z2)
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r2 r
3 2 1
r2 r2 r2

Example: 2.48 Prove that VZ(r™) = n(n + 1)r" 2, where ¥ = xi+ yJj+ zk and
r = |#|and hence deduce V? G)
(or)
Prove that div (grad ™) = n(n + 1) r*2
Solution:

Letr = |#]| = \/x2+ y? + z?

Hence L =% L _2  ZX_Z
ox r

6y_;’ az

V() = 525 ()

=3 9 [nr”‘1 8_r]

dx dx
— 9 n-1 f]
- Z ax [nr r
=32 [nxr™=2]
x

=Yn [x(n —2)rn3 0" 4 yn-2 (D ]

ox
=Yn [x(n —2)rn3 §+ rn-2 ]
= Y[n[(n—2)r"*x2% + r* 2] ]
= Y[nn—-2)r"*x2+ nrn2]
=nn—-2)r"*(x%2+ y?2+ z3)+3nr"?
=nn—-2)r"*r2+3nrn2
=nn-2)r"2 +3nr*?
=nr"2(n-2+3)
=nr"2(m+1) ..
(i) v2 () = w20 )
= (1D (1+1)r12 by(1)
=(=D@Or==0
Example: 2.49 Prove that V2(r"#) = n (n + 3)r™ 2%
Solution:

Wehave # =xT+ yj+ zk

677 = _ = _ >
Hence Pyl = J; =k

Alsor = |#]| = \/x2+ y2+ z2
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air vy, ar _ z

Hence 2 =%,
ax 7 dy az

2 2 i >
VZ(r"y) = Zaxz (r"r)

il [ n 07 n—1 or _>]
= — |\r° — nr —7r
Zax ax + ox

d 5 X
= y— [r”l+nr” 1 fr]
ox r

= X [P i+ nrm 2 x 7]

dx
=y [n rn-1 Z—:?+ n [r”‘zx (Z—i) +r" 2 (D)7 + [(n - 2)rn3 g—;] x?”

=Y [n rn-1 §?+ nr* 2 xi+nr*?*+nn- 2)r*3 ; x?]
= Y[nr"2xT+nr" 2 xi+nr* % + n(n — 2) r"** x%#]
=nr"2(xi+ yj+ zk) +nr"2(xi+ yj+ zk) +3nrv 27
nn— 2) 47 (x? + y? + z?)
=nr"2F+ nr" % + 3nr" %% + n(n — 2)r4r?
=5n7r" % + n(n — 2)r"* 27
=nr" 25 +n—-2)
=nr*?#(n+3)
= n(n+3)r" %7

Example: 2.50 Prove that V2f(r) = f""(r) + (%) f'()

Solution:
Vf(r) = £ 25 f(r)
=Sl
=3 [rm?
= 2= [roxd
=3[ e [ZE]+ o)) 24 £10) L xd

=Z[Fex i+ F@ ) E

=3[ 322+ 10 2400 L 7

=) S+ + 2D O+ 0 5 @+ YR+ 22)
=—f'() ZED+=f' O+ ') 5 D)

=—f'@) 2+ O+ @)

= f'(r) +2f' @)
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